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Prokhorov-like conditions for weak compactness
of sets of bounded Radon measures on different
topological spaces
Valeriy K. Zakharov1, Timofey V. Rodionov2
Abstract
The paper presents some weak compactness criterion for a subsetM of
the set RMb(T,G) of all positive bounded Radon measures on a Hausdorff
topological space (T,G) similar to the Prokhorov criterion for a complete
separable metric space. Since for a general topological space the classical
space Cb(T,G) of all bounded continuous functions on T can be trivial and
so does not separate points and closed sets, instead of Cb(T,G)-weak com-
pactness we consider S(T,G)-weak compactness with respect to the new
uniformly closed linear space S(T,G) of all (symmetrizable) metasemi-
continuous functions. The S(T,G)-weak topology on RMb(T,G) is much
weaker than the known topology Ts of setwise convergence with respect
to the σ-algebra B of all Borel subset of T .
Keywords: Radon measure, Prokhorov property, uniform tightness,
weak compactness, symmetrizable functions, Riesz representation theo-
rem.
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1 Introduction
Investigation of compactness of sets M ⊂ RMb(T,G) of bounded Radon mea-
sures with respect to the weak topology induced by the linear space Cb(T,G)
of all bounded continuous real-valued functions on (T,G) on some topological
spaces (T,G) starts from the fundamental papers of A.D. Alexandroff [2] and
Yu.V. Prokhorov [15]. Numerous results obtained in this field are presented in
papers [14, 19, 20, 21, 25] and books [11, XI.1], [3, ch. 5], [4, ch. 8], [8, § 437], [5,
2.3, 4.5] (see also references therein).
It is clear that Cb(T,G)-weak topology can be considered only for Tychonoff
spaces (T,G), where Cb(T,G) separates points and closed sets.
As to a general Hausdorff topological space (T,G), the Cb(T,G)-weak com-
pactness of M can not be considered because in this case Cb(T,G) may consist
only of constant functions. By this reason in paper [25] V. K. Zakharov con-
sidered the weak compactness of M with respect to the weak topology induced
by the new linear space S(T,G) of all symmetrizable (or metasemicontinuous)
functions on an arbitrary Hausdorff space (T,G). The space S(T,G) is possi-
bly the nearest to Cb(T,G) uniformly closed linear space of functions on (T,G)
separating points and closed sets because it is the uniform closure of the linear
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space SClb(T,G) + SC
u
b (T,G) (introduced by F. Hausdorff [10]) consisting of all
sums of bounded lower semicontinuous and upper semicontinuous functions.
The S(T,G)-weak topology in RMb(T G) is stronger than the Cb(T,G)-weak
topology but strictly weaker than the B-weak topology Ts of setwise convergence
with respect to the σ-algebra B of all Borel sets on (T,G) generated by the open
topology G. This utterly strong topology Ts was considered in papers [1, 9] and
others and in book [5, 5.6.14].
In paper [25] the criterion for the S(T,G)-weak compactness of the closure
of a set M ⊂ RMb(T,G)+ of positive bounded Radon measures for a Hausdorff
space was presented (see also [28]). This criterion used some strengthening
of the Prokhorov uniform tightness property. The proof of this criterion was
described there only in some general way.
The given paper presents this criterion of the S(T,G)-weak compactness with
all detailed proofs and all thorough references on results used in the proofs (see
Theorem 2).
As an important consequence of the mentioned criterion the assertion on
sufficiency in this criterion is extended from the positive caseM ⊂ RMb(T,G)+
up to the general case M ⊂ RMb(T,G) (see Theorem 4).
2 Preliminaries
For the convenience of readers we present here some basic notions and notations
necessary for detailed proving all paper theorems. For this purpose we use the
material from [27] and [29].
The set of all natural numbers is denoted by ω, the set of all nonzero natural
numbers is denoted by N.
Let T be a set. The family of all subsets of T is denoted by P(T ). Every
non-empty subfamily of P(T ) is called an ensemble on T .
Let F (T ) be the family of all functions f : T → R and A(T ) ⊂ F (T ) be
a lattice linear space of functions on T . Its subfamilies of all nonnegative and
all bounded functions is denoted by A(T )+ and Ab(T ), respectively. For every
f ∈ Fb(T ) we put ‖f‖u ≡ sup(|f(t)| | t ∈ T ).
If (fn ∈ F (T ) | n ∈ N) is a net (in particular, a sequence), f ∈ F (T ), and
lim (fn(t) | n ∈ N) = f(t) for every t ∈ T , then we write f = p-lim (fn | n ∈ N).
If (fn | n ∈ N) converges to f uniformly on T , then we write f = u-lim (fn | n ∈ N).
A function f ∈ F (T ) is called majorized by a function u ∈ F (T ) if |f | 6 u.
A set P ⊂ T will be called majorized by a function u ∈ F (T ) if χ(P ) 6 u.
Let E(T ), A(T ) ⊂ F (T ). Define the subfamily Em(T,A(T )) ≡ {f ∈ E(T ) |
∃u ∈ A(T ) (|f | 6 u)} of all functions f ∈ E(T ) majorized by some functions
from A(T ). Clearly, A(T ) ⊂ E(T ) implies A(T ) ⊂ Em(T,A(T )). In a similar
way for any ensemble E on T we define its subensemble Em(A(T )) ≡ {E ∈
E | ∃u ∈ A(T ) (χ(E) 6 u)} of all sets E ∈ E majorized by some functions
from A(T ).
Let (T,G) be a topological space. Then G, F , B, and C denote the ensembles
of open, closed, Borel, and compact subsets, respectively. We consider also the
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multiplicative ensemble K ≡ K(T,G) ≡ {G ∩ F | G ∈ G ∧ F ∈ F} of all
symmetrizable sets K ≡ G ∩ F [23, 24].
A function f ∈ F (T ) is called separating a point s ∈ T and a closed set F ⊂ T
if f(s) = 1 and f(t) = 0 for every t ∈ F . A family A(T ) ⊂ F (T ) is called
separating points and closed sets in the topological space (T,G) if for every s ∈ T
and every F ∈ F such that s /∈ F there is a function f ∈ A(T ) separating
s and F .
A function f : T → R is called symmetrizable [25, 26] (or metasemicontinu-
ous) if for every ε > 0 there exists a finite cover (Ki ∈ K | i ∈ I) of the set T such
that the oscillation ω(f,Ki) ≡ sup{|f(s)− f(t)| | s, t ∈ Ki} < ε for every i ∈ I.
The space S(T,G) of all symmetrizable functions on (T,G) is linear and lattice-
ordered [29, Corollary 3 to Theorem 1 (2.4.2)] and contains the zero function 0
and the unit function 1 as well as characteristic functions χ(G) and χ(F ) of any
open and closed subsets. It is clear that Sb(T,G) = S(T,G). If f ∈ Cb(T,G), i. e.,
f is a bounded continuous function, then f ∈ S(T,G) [29, Lemma 4 (2.4.1)].
Note that S(T,G) separates points and closed sets in an arbitrary Hausdorff
space, whereas Cb(T,G) may not.
A bounded measure µ : B → R is called a bounded Radon measure (bounded
Radon –Borel measure) if for every B ∈ B and every ε > 0 there is C ∈ C
such that C ⊂ B and |µB − µC| < ε. The set of all bounded Radon measures
on (T,G) is denoted by RMb(T,G); its subset consisting of positive measures is
denoted by RMb(T,G)+.
If f ∈ F (T )+ and µ ∈ RMb(T,G)+, then the number
Λ(µ)f ≡
∫
f dµ ≡ sup
{∑
(inf (f [Mi])µMi | i ∈ I)
}
∈ [0,∞]
is called the Lebesgue integral of f with respect to µ. Here the supremum is
taking over the set of all finite partitions (Mi ∈ B | i ∈ I) of the set T [29,
3.3.2].
The lattice-ordered linear space of all Borel functions f : T → R such that∫
f+ dµ < ∞ and
∫
(−f−) dµ < ∞, where f+ ≡ f ∨ 0 and f− ≡ f ∧ 0 will be
denoted by MI(T,G, µ). For a function f ∈ MI(T,G, µ) the number Λ(µ)f ≡∫
fdµ ≡
∫
f+ dµ −
∫
(−f−) dµ is called the Lebesgue integral of f with respect
to µ.
For any µ ∈ RMb(T,G) we have the Riesz decomposition µ = µ+ + µ−,
where µ+ ≡ µ ∨ 0 and µ− ≡ µ ∧ 0 [29, 3.2.2]. Note that µ+ and −µ− as well
as the total variation |µ| ≡ µ+ − µ− are positive bounded Radon measures [29,
3.5.3].
If f ∈ MI(T,G, µ) ≡ MI(T,G, µ+) ∩MI(T,G,−µ−) and µ ∈ RMb(T,G),
then the number Λ(µ)f ≡
∫
f dµ ≡
∫
f d(µ+)−
∫
f d(−µ−) is called the Lebesgue
(Lebesgue –Radon) integral of f with respect to µ [29, 3.3.6].
A linear functional ϕ : A(T )→ R is called pointwise continuous [pointwise σ-
continuous ] if f = p-lim(fm | m ∈M) implies ϕf = lim(ϕfn | n ∈ N) for every
3
increasing net (fn ∈ A(T ) | n ∈ N) [respectively, sequence (fn ∈ A(T ) | n ∈ ω)]
and every function f ∈ A(T ).
Let (T,G) be a Hausdorff space and A(T ) be a lattice-ordered linear space
of functions on T . A functional ϕ on A(T ) is called tight or a functional with
the Prokhorov property if for every ε > 0 there is a compact set C ⊂ T such
that the conditions f ∈ A(T ) and |f | 6 χ(T \C) imply |ϕf | < ε. The set of all
tight bounded linear functionals on A(T ) is denoted by A(T )pi.
A functional ϕ on A(T ) is called locally tight or a functional with the local
Prokhorov property if for every G ∈ G, u ∈ A(T )+, and ε > 0 there is a compact
subset C ⊂ G such that the conditions f ∈ A(T ) and |f | 6 χ(G \ C) ∧ u imply
|ϕf | < ε. A functional ϕ will be called quite locally tight if for every G ∈ G,
u ∈ A(T )+, and ε > 0 there are a compact subset C ⊂ G and a positive number
δ such that the conditions f ∈ A(T ), |f | 6 χ(G)∧u, and sup(|f(t)| | t ∈ C) 6 δ
imply |ϕf | < ε.
A functional ϕ on A(T ) is said to be exact [σ-exact ] if it is pointwise contin-
uous [σ-continuous] and quite locally tight. The set A(T )△ of all σ-exact linear
functionals on A(T ) is a lattice-ordered linear space [29, Corollary 1 to Proposi-
tion 2 (3.6.1)]. Note that the Radon integral on the lattice-ordered linear space
of integrable symmetrizable functions is σ-exact [29, Proposition 5 (3.6.1)].
For a family A(T ) ⊂ F (T ) consider the family Sτ (T,A(T )) of all func-
tions g ∈ F (T ) such that g 6 f for some function f ∈ A(T ) and g = sup(fm |
m ∈M) in F (T ) for some increasing net (fm ∈ A(T ) | m ∈M). In a similar way,
consider the family Iτ (T,A(T )) of all functions h ∈ F (T ) such that h > f for
some function f ∈ A(T ) and h = inf(fm | m ∈M) in F (T ) for some decreasing
net (fm ∈ A(T ) | m ∈M). For a functional ϕ : A(T ) → R define the first-step
Young –Daniell extensions ϕ : Sτ (T,A(T )) → R and ϕ : Iτ (T,A(T )) → R
such that ϕg ≡ sup{ϕf | f ∈ A(T ) ∧ f 6 g} for every g ∈ Sτ (T,A(T )) and
ϕh ≡ inf{ϕf | f ∈ A(T ) ∧ f > h} for every h ∈ Iτ (T,A(T )).
3 Weak topologies on the linear space of bounded
Radon measures
Consider the lattice-ordered linear space RMb ≡ RMb(T,G) of all bounded
Radon measures on a Hausdorff space (T,G) [29, Proposition 2 (3.5.3)].
Let |S(T,G), ‖ · ‖u| be the Banach lattice-ordered linear space of all sym-
metrizable functions on (T,G) and X ≡ |A(T ), ‖ · ‖u| be some Banach lattice-
ordered linear subspace of this Banach space such that A(T ) ⊂ S(T,G) con-
tains 1 and separates points and closed sets in (T,G). If (T,G) is an arbitrary
Hausdorff space, then we can take A(T ) ≡ S(T,G). If (T,G) is an arbitrary Ty-
chonoff space, then we can take A(T ) ≡ Cb(T,G). This space X will be called
the selected space of symmetrizable functions on (T,G).
For any µ ∈ RMb(T,G) consider the Lebesgue (Lebesgue –Radon) integral
Λ(µ) and the corresponding family of integrable functionsMI(T,G, µ) described
in section 2. By virtue of Lemma 1 (3.5.2) from [29] S(T,G) ⊂ MI(T,G, µ).
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The restriction Λ(µ)|A(T ) will be denoted by iµ. The set of all such integral
functionals iµ will be denoted by I(A(T ),RMb).
Every function f ∈ A(T ) generates on RMb the seminorm sf : RMb →
R+ ≡ [0,∞) such that sf (µ) ≡ |iµ(f)|. The corresponding set S ≡ {sf |
f ∈ A(T )} of all these seminorms generates the weak topology Gw(RMb, A(T ))
on RMb with respect to A(T ). The base of open neighbourhoods of a measure µ
in this topology consists of sets
G(µ, (fk ∈ A(T ) | k ∈ n) , ε) ≡ {ν ∈ RMb | ∀ k ∈ n (|iνfk − iµfk| < ε)}
for all ε ∈ R+, n ∈ N, and (fk ∈ A(T ) | k ∈ n) ∈ Map(n,A(T )).
This weak topology is Hausdorff for two main classes of topological spaces
(T,G) with their own selected spaces A(T ). Firstly we check this assertion for
A(T ) = S(T,G) in the case of a Hausdorff space (T,G).
Consider the duality functional Ψ : RMb(T,G) × S(T,G) → R such that
Ψ(µ, f) ≡ Λ(µ)(f).
Theorem 1. Let (T,G) be a Hausdorff space. Then the functional Ψ is bilinear
in the following sense:
1. for every µ ∈ RMb(T,G) the first derivative functional Ψ(µ, ·) on S(T,G)
is linear;
2. for every f ∈ S(T,G) the second derivative functional Ψ(·, f) on RMb(T,G)
is linear.
Proof. (1) According to Proposition 2 (3.3.6) from [29] the integral Λ(µ) :
S(T,G)→ R is a linear functional. Hence, Ψ(µ, xf + yg) = xΛ(µ)f + yΛ(µ)g =
xΨ(µ, f) + yΨ(µ, g) for every x, y ∈ R and f, g ∈ S(T,G).
(2) According to Theorem 5 (3.3.8) from [29] Λ(xµ+ yν) = xΛ(µ) + yΛ(ν)
for every x, y ∈ R and µ, ν ∈ RMb. Consequently, we get Ψ(xµ + yν, f) =
xΨ(µ, f) + yΨ(ν, f) for any f ∈ S(T,G).
Corollary. For every selected space A(T ) of symmetrizable functions the re-
striction ΨA ≡ Ψ|(RMb(T,G)×A(T )) is a bilinear functional.
Lemma 1 (the separation property of Ψ for S(T,G)). Let (T,G) be a Hausdorff
space. Then for every θ ∈ RMb(T,G) \ {0} there is f ∈ S(T,G) \ {0} such that
Ψ(θ, f) 6= 0.
Proof. Consider the positive Radon measures µ ≡ θ+ and ν ≡ −θ−. Then
θ = µ− ν.
Assume that Ψ(θ, f) = 0 for every f ∈ S(T,G). By assertion 2 of Theorem 1
we get Ψ(µ, f) = Ψ(ν, f). If C is a compact set, then we can take f ≡ χ(C) ∈
S(T,G). By Lemma 1(3.3.2) from [29] µ(C) = iµχ(C) and ν(C) = iνχ(C). As
a result we get the equality µC = νC for every C ∈ C.
Take any B ∈ B and ε > 0. Proposition 1 (3.5.3) from [29] implies that there
are C1, C2 ∈ C such that µ(B\C1) < ε/2, ν(B\C2) < ε/2, and C ≡ C1∪C2 ⊂ B.
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Therefore |νB − µB| 6 |νB − νC| + |νC − µC| + |µC − µB| < ε. Since ε is
arbitrary, we infer that νB = µB. Thus, −θ− ≡ ν = µ ≡ θ+.
This implies 0 6= θ = θ+ + θ−. It follows from this contradiction that our
assumption is not true, i. e., Ψ(θ, f) 6= 0 for some f 6= 0.
Corollary. The weak topology Gw(RMb, S(T,G)) on RMb(T,G) is Hausdorff.
Proof. Take any κ, λ ∈ RMb such that κ 6= λ. By Lemma 1 there is f ∈
S(T,G) \ {0} such that Ψ(λ − κ, f) 6= 0. Then Ψ(λ, f) 6= Ψ(κ, f) due to
assertion 2 of Theorem 1, i. e., iλf 6= iκf . Take the number ε ≡ |iλf − iκf | > 0.
Consider the neighbourhoods U ≡ G(κ, f, ε/2) and V ≡ G(λ, f, ε/2) of κ and λ,
respectively. Assume that there is ρ ∈ U∩V . Then ε 6 |iλf−iρf |+|iρf−iκf | <
ε and we reach a contradiction. Therefore U ∩ V = ∅.
Note that the weak Hausdorff topology Gw(RMb, S(T,G)) is strictly weaker
than the widely used B-weak topology Ts of setwise convergence with respect
to the Borel σ-algebra B [1, 9, 5]. This topology is the nearest (in some
sense) Hausdorff topology to the weak non-Hausdorff (in general) topology
Gw(RMb, Cb(T,G)). The last topology is Hausdorff in the case of Tychonoff
space only (see Corollary to Proposition 2 in section 7).
4 The weak ′ topology on dual spaces to selected
spaces of symmetrizable functions
Consider the linear spaceX ′ of all continuous linear functionals onX ≡ |A(T ), ‖·
‖u|. By Theorem 1 (3.3.6) from [29] the functional iµ is uniformly bounded.
Therefore in virtue of Theorem IX.4.5 from [22] iµ ∈ X
′. Hence, I(A(T ),RMb) ⊂
X ′.
Every function f ∈ A(T ) generates on X ′ the seminorm σf : X
′ → R+ such
that σf (ξ) ≡ |ξ(f)|. The corresponding set Σ ≡ {σf | f ∈ A(T )} of all these
seminorms generates the weak ′ topology Gl ≡ Gw′(X
′, A(T )) on X ′. The base
of open neighbourhoods of a functional ξ in this topology consists of sets
G(ξ, (fk ∈ A(T ) | k ∈ n) , ε) ≡ {η ∈ X
′ | ∀ k ∈ n (|ηfk − ξfk| < ε)}
for all ε ∈ R+, n ∈ N, and (fk ∈ A(T ) | k ∈ n) ∈ Map(n,A(T )) (see [16, II.3]).
Consider the mapping Λ : µ 7→ iµ from RMb into X
′.
Lemma 2. The mapping Λ is an injective continuous mapping from the ordered
topological space |RMb,Gw| into the ordered topological space |X
′,Gw′ |.
Proof. First, check that Λ(µ) 6 Λ(ν) implies µ 6 ν. Take some Borel set M
on T . Then by Lemma 1 (3.3.2) from [29] µM = µ+M−(−µ−)M =
∫
χ(M) dµ+−∫
χ(M) d(−µ−) ≡ iµχ(M) ≡ Λ(µ)χ(M) 6 Λ(ν)χ(M) = νM. This means that
µ 6 ν.
If Λ(µ) = Λ(ν), then Λ(µ) 6 Λ(ν) implies µ 6 ν and Λ(µ) > Λ(ν) implies
µ > ν, whence µ = ν. Thus, Λ is injective.
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Check that Λ is continuous. Fix µ0 ∈ RMb and ξ0 ≡ Λ(µ0). Take some
neighbourhood V ≡ G(ξ0, (fk ∈ A(T ) | k ∈ n) , ε) of ξ0 and the corresponding
neighbourhood V ≡ G(µ0, (fk ∈ A(T ) | k ∈ n) , ε) of µ0. By virtue of definitions
of these neighbourhoods we see that µ ∈ U implies Λ(µ) ∈ V . Hence, Λ[U ] ⊂
V .
5 Some properties of sets of positive bounded
Radon measures
Consider the following properties for a non-empty set M ⊂ RMb(T,G)+:
(αpi) (the Prokhorov uniform (or total) tightness property) for any ε > 0 there
exists a compact set C such that µ(T \ C) < ε for any µ ∈M ;
(αζ) (the Zakharov locally-uniform tightness property) for any G ∈ G and any
ε > 0 there exists a compact set C ⊂ G such that µ(G \ C) < ε for any
µ ∈M ;
(β) sup (µT | µ ∈M) ∈ R+.
Lemma 3. Let (T,G) be a Hausdorff space, A(T ) be a selected family of sym-
metrizable functions, and a set M have properties (αpi) and (β). Then M has
property
(γ) if (fn ∈ A(T )+ | n ∈ ω) ↓ 0 in F (T ), then
lim (sup (|iµfn| | µ ∈M) | n ∈ ω) = 0 in R.
Proof. Take some ε > 0. Condition (αpi) implies that there exists C ∈ C such
that µ(T \ C) < ε/(3‖f0‖u) ≡ ε1 for any µ ∈ M and (β) implies that there is
the number b ≡ sup (µT | µ ∈M) > 0.
By the Egorov theorem [29, Theorem 1 (3.3.1)] there exists a Borel set B
such that µ(T \B) < ε1 and u-lim (fn|B | n ∈ ω) = 0|B. Thus, for ε2 ≡ ε/(3b)
there is n0 such that sup{|fn(t)| | t ∈ B} 6 ε2 for every n > n0. Using (β) we
obtain
|iµfn| = |iµ(fnχ(B)) + iµ(fnχ(T \B))| 6
6 |iµ(fnχ(T \B))|+ |iµ(fnχ(B \ C))| + |iµ(fnχ(B ∩ C))| 6
6 ‖fn‖uµ(T \B) + ‖fn‖uµ(B \ C) + ε2µ(B ∩ C) 6
6 2‖f0‖uµ(T \ C) + ε2µ(T ) 6 2‖f0‖uε/(3‖f0‖u) + bε/(3b) = ε
for any µ ∈M and any n > n0. Consequently, we get (γ).
Corollary. If M has properties (αζ) and (β), then M has property (γ).
Proof. The assertion follows from Lemma, because (αζ) is stronger that (αpi).
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For a Tychonoff space this lemma can be generalized.
Lemma 4. Let (T,G) be a Tychonoff space and a set M have properties (αpi)
and (β). Then M has property
(γnet) if (fn ∈ Cb(T,G)+ | n ∈ N) ↓ 0 in F (T ), then
lim (sup (|iµfn| | µ ∈M) | n ∈ N) = 0 in R.
Proof. Take some ε > 0. By (αpi) there is C ∈ C such that µ(T \C) < ε/(2‖f0‖u)
for every µ ∈M . By (β) there is the number b ≡ sup (µT | µ ∈M) > 0.
By virtue of the Dini theorem [29, Theorem 1 (2.3.4)] for ε1 ≡ ε/(2b) there
is n0 ∈ N such that sup{|fn(t)| | t ∈ C} 6 ε1 for every n > n0. Therefore
|iµfn| 6 |iµ(fnχ(T \C))|+ |iµ(fnχ(C))| 6 ‖fn‖uµ(T \C) + ε1µC < ε for every
n > n0 and every µ ∈M . Hence, we get (γnet).
Lemma 5. Let (T,G) be a Hausdorff space, M ⊂ RMb(T,G)+, and clM be
the closure of M in the weak topology Gw(RMb(T,G), S(T,G)). Then clM ⊂
RMb(T,G)+.
Proof. Take some ν ∈ clM and B ∈ B such that ε ≡ |νB| > 0. By the definition
of a Radon measure there is C ∈ C such that C ⊂ B and |νB − νC| < ε. Then
for δ ≡ |νC| > 0, f ≡ χ(C), and G ≡ G(ν, f, δ) we have G ∩M 6= ∅, i. e.,
|νC − µC| < δ for some µ ∈ M . Hence, 0 6 µC < νC + δ = νC + |νC|. If
νC < 0, then 0 < 0. It follows from this contradiction that νC > 0.
Using the inequality |νB − νC| < ε we get 0 6 νC < νB + ε = νB + |νB|.
If νB < 0, then 0 < 0. It follows from this contradiction that νB > 0. Thus,
the measure ν is positive.
Lemma 6. Let (T,G) be a Tychonoff space, M ⊂ RMb(T,G)+, and clM be
the closure of M in the weak topology Gw(RMb(T,G), Cb(T,G)). Then clM ⊂
RMb(T,G)+.
Proof. Take some ν ∈ clM , B ∈ B such that ε ≡ |νB| > 0, and C ∈ C such
that C ⊂ B and |νB − νC| < ε. Take also some net u from assertion (i) of
Lemma 11. By Corollary 5 to this Lemma νC = lim
(∫
fk dν | k ∈ K
)
. Then
for δ ≡ |νC| > 0 there is k ∈ K such that |νC −
∫
fl dν| < δ for every l > k.
For β ≡
∫
fk dν and γ ≡ |β| > 0 consider the neighbourhood G ≡ G(ν, fk, γ).
Since ν ∈ clM , there is µ ∈ G ∩ M , i. e., |
∫
fk dν − β| < γ. This implies
0 6
∫
fk dµ < β + γ = β + |β|. If β < 0, then 0 < 0. It follows from this
contradiction that β > 0.
Using the inequality |νC − β| < δ we get 0 6 β < νC + δ = νC + |νC|.
As above this implies νC > 0. Using the inequality |νB − νC| < ε we get
0 6 νC < νB + ε = νB + |νB|. As above this implies νB > 0. Thus, the
measure ν is positive.
Lemma 7. Let (T,G) be a Hausdorff space, A(T ) be a selected family of sym-
metrizable functions, M be a subset of the set RMb(T,G)+, and clM be the
closure of M in the weak topology Gw(RMb(T,G), A(T )). Then for a sequence
(fn ∈ A(T ) | n ∈ ω) the following properties are equivalent:
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(δ) lim (sup (|iµfn| | µ ∈M) | n ∈ ω) = 0 in R;
(δ¯) lim (sup (|iνfn| | ν ∈ clM) | n ∈ ω) = 0 in R,
Proof. (δ) ⊢ (δ¯). For any ε > 0 there is n0 ∈ ω such that sup (|iµfn| | µ ∈M) <
ε/3 for every n > n0. Take ν ∈ clM and n > n0 and consider the neighbourhood
G ≡ G(ν, fn, ε/3). Since there exists some µ ∈ M ∩ G 6= ∅, we get |iνfn| 6
|iµfn| + |iνfn − iµfn| < 2ε/3, whence sup (|iνfn| | ν ∈ clM) < ε. This implies
the necessary equality.
(δ¯) ⊢ (δ). This deduction is evident.
Corollary. Let (T,G) be a Hausdorff space, A(T ) be a selected family of sym-
metrizable functions, M have properties (αpi) and (β), and clM be the closure
of M in the weak topology Gw(RMb(T,G), A(T )). Then M has property
(γ¯) if (fn ∈ A(T )+ | n ∈ ω) ↓ 0 in F (T ), then
lim (sup (|iµfn| | µ ∈ clM) | n ∈ ω) = 0 in R.
Proof. The assertion follows from Lemmas 3 and 7.
Lemma 8. Let (T,G) be a Hausdorff space, A(T ) be a selected family of sym-
metrizable functions, M be a subset of the set RMb(T,G)+, and clM be the
closure of M in the weak topology Gw(RMb(T,G), A(T )). Then the following
properties are equivalent:
(β) b ≡ sup (µT | µ ∈M) ∈ R+;
(β′) b′ ≡ sup (sup{|iµf | | f ∈ A(T ) ∧ |f | 6 1} | µ ∈M) ∈ R+;
(β′′) b′′ ≡ sup (sup{|iµf | | f ∈ A(T ) ∧ ‖f‖u 6 1} | µ ∈M) ∈ R+;
(β¯′′) b¯′′ ≡ sup (sup{|iνf | | f ∈ A(T ) ∧ ‖f‖u 6 1} | ν ∈ clM) ∈ R+.
Proof. (β) ⊢ (β′). Let f ∈ A(T ) and |f | 6 1. Then by Lemma 1 (3.3.6) and
Theorem 2 (3.3.2) from [29] |iµf | 6 iµ|f | 6 iµ1 = µT 6 b.
(β′) ⊢ (β). It is clear that µT = iµ1 = |iµ1| 6 b
′.
(β′′) ⊢ (β¯′′). Let ε > 0, f ∈ A(T ), and ‖f‖u 6 1. Take ν ∈ clM and
consider its neighbourhood G ≡ G(ν, f, ε). Since M ∩G 6= ∅, there exists some
µ ∈ M ∩ G. Therefore we get |iνf | 6 |iµf | + |iνf − iµf | < b
′′ + ε. Since ε is
arbitrary, this implies |iνf | 6 b
′′.
(β¯′′) ⊢ (β′′). This deduction is evident.
The equivalence of (β′) and (β′′) follows from the equivalence of conditions
|f | 6 1 and ‖f‖u 6 1 in A(T ).
Lemma 9. Let (T,G) be a Hausdorff space, M ⊂ RMb(T,G)+, and clM be the
closure of M in the weak topology Gw(RMb(T,G), S(T,G)). Then property (α
ζ)
is equivalent to property
(α¯ζ) for any G ∈ G and any ε > 0 there exists a compact set C ⊂ G such that
ν(G \ C) < ε for any ν ∈ clM .
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Proof. (αζ) ⊢ (α¯ζ). Let ε > 0 and G ∈ G. By condition there exists a compact
set C ⊂ G such that sup (µ(G \ C) | µ ∈M) 6 ε/2. Take ν ∈ clM and δ > 0.
Consider the function f ≡ χ(G \ C) and the neighbourhood H ≡ G(ν, f, δ).
Since M ∩ H 6= ∅, there exists some µ ∈ M ∩ H . Therefore we get 0 6
ν(G \C) = iνf = iµf + iνf − iµf 6 iµf + |iνf − iµf | < µ(G \C) + δ < ε/2+ δ.
Since δ is arbitrary, this implies ν(G \ C) 6 ε/2 < ε.
(α¯ζ) ⊢ (αζ). This deduction is evident.
6 The S(T,G)-weak compactness of sets of bounded
Radon measures on a Hausdorff space
Theorem 2. Let (T,G) be a Hausdorff space, M ⊂ RMb(T,G)+, and clM
be the closure of M in the weak topology Gw(RMb(T,G), S(T,G)). Then the
following conclusions are equivalent:
1. clM is compact in the induced weak topology Gw(RMb, S)| clM ;
2. M has properties (αζ) and (β).
Proof. Remind that according to [7, 3.1] a topological space is called compact
if it is Hausdorff and every open cover of it has a finite subcover. Denote clM
by N .
(1) ⊢ (2). Take some K ∈ K(T,G) and ε > 0. By virtue of Proposi-
tion 1 (3.5.3) from [29] for every µ ∈ N there exists a the non-empty ensemble
Cµ ⊂ C such that C ⊂ K and µ(K \ C) < ε/2 for every C ∈ Cµ. By the axiom
of choice there is a mapping p : P(P(T )) \ {∅} → P(T ) such that p(A) = A for
every non-empty ensemble A ⊂ P(T ). Consider the compact sets Cµ ≡ p(Cµ)
and the open neighbourhoods Uµ ≡ G(µ, χ(K \ Cµ), ε/2) of the points µ ∈ N .
Since N is compact, there exists a finite subcover
(
Uµj | j ∈ J
)
of the cover
(Uµ | µ ∈ N) of the set N . Take the compact set C ≡
⋃(
Cµj | j ∈ J
)
⊂ K. If
µ ∈ N , then µ ∈ Uµj for some j. Therefore 0 6 µ(K \ C) 6 µ(K \ Cµj ) =∫
χ(K \Cµj ) dµ 6
∣∣∣∫ χ(K \Cµj ) dµ− ∫ χ(K \Cµj ) dµj
∣∣∣+
∣∣∣∫ χ(K \Cµj ) dµj
∣∣∣ <
ε/2+µ(K \Cµj ) < ε. This implies property (α¯
ζ), and therefore, property (αζ).
Deduce now property (β). For A(T ) ≡ S(T,G) and X ≡ |A(T ), ‖ · ‖u|
consider the corresponding continuous mapping Λ : µ 7→ iµ. By virtue of
Theorem 3.1.10 from [7] and Lemma 1 the set IN ≡ Λ[N ] is compact in the
Hausdorff topological space Y ≡ |X ′,Gw′ |.
For every f ∈ A(T ) consider the mapping uf : X
′ → R such that uf (ξ) =
ξ(f) for every ξ ∈ X ′. The mapping uf : Y → Z ≡ |R, | · || of Hausdorff
topological spaces is continuous. In fact, fix ξ, r ≡ uf (ξ), and H ≡]r − ε, r + ε[
and take G ≡ G(ξ, f, ε). If η ∈ G, then by definition |ηf−r| < ε, and, therefore,
uf [G] ⊂ H , which means the continuity of uf .
By mentioned Theorem 3.1.10 the set uf [IN ] is compact in Z. Consequently,
it is bounded in Z. Therefore rf ≡ sup{|iµf | | µ ∈ N} = sup{|uf(iµ)| | µ ∈
N} ∈ R for every f ∈ A(T ).
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By the Baire theorem (see [18, Theorem 15.6.2]) the Banach space X is a
Baire space. Hence, A(T ) is the set of second category in X . Having the proved
pointwise boundedness rf ∈ R and applying the Banach– Steinhaus theorem
(see the Corollary to Theorem 4.2 (III) from [17] and Corollary 2 to Theorem 3
from [16, 4.2]) to the normed space |X ′, ‖ · ‖′| and the set IN ⊂ X
′, we conclude
that b ≡ sup (‖iµ‖
′ | µ ∈ N) ∈ R.
By definition, ‖iµ‖
′ ≡ sup{|iµf | | f ∈ A(T ) ∧ ‖f‖u 6 1}. Thus, we
get the equality sup (sup{|iµf | | f ∈ A(T ) ∧ ‖f‖u 6 1} | µ ∈ N) = b, i. e., prop-
erty (β¯′′). By virtue of Lemma 8 this gives property (β).
(2) ⊢ (1). We are going to use Theorem 3.1.23 from [7]. Take a net s ≡
(µκ ∈ N | κ ∈ K) and consider the corresponding net σ ≡ (iµκ ∈ IN | κ ∈ K)
in X ′.
Using the unit ball B ≡ {f ∈ A(T ) | ‖f‖u 6 1} in the Banach space X ,
consider the polar set C ≡ {ξ ∈ X ′ | ∀ f ∈ B (|ξ(f)| 6 1)} in the topo-
logical linear space Y ≡ |X ′,Gw′ |. According to the Alaoglu –Bourbaki the-
orem [12, Theorem 7 (III.3)], the set C is compact. Take the number a ≡
sup (sup{|iµf | | f ∈ B} | µ ∈M) ∈]0,∞[ from condition (β¯
′′). Since C is com-
pact, the set Ca ≡ {ξ ∈ X
′ | ∀ f ∈ B (|ξ(f)| 6 a)} is also compact. The
condition (β′′) means that IN ⊂ Ca. Therefore the set cl IN is compact in Y .
By the mentioned Theorem 3.1.23 the net σ has a cluster point ϕ ∈ X ′.
Using the property (γ¯) from Corollary to Lemma 7 check that ϕ is pointwise σ-
continuous. Let ε > 0 and (fn ∈ A(T ) | n ∈ ω) ↓ 0 in F (T ). By (γ¯) there is n0
such that sup (|iµfn| | µ ∈ N) < ε/2 for every n > n0. Since ϕ is a cluster point,
for ε, n > n0, and the neighbourhood G ≡ G(ϕ, fn, ε/2) there exists κ ∈ K
such that iµκ ∈ G, i. e., |iµκfn − ϕfn| < ε/2. Consequently, |ϕfn| < ε for every
n > n0. Hence, lim (ϕfn | n ∈ ω) = 0.
Check that ϕ is locally tight. Note that by Lemma 5 µ > 0 for every µ ∈ N ,
and, therefore, iµh > 0 for every h ∈ A(T )+. Take some G ∈ G, u ∈ A(T )+,
and ε > 0. By property (α¯ζ) (see Lemma 9) there is a compact set C ⊂ G such
that sup (µ(G \ C) | µ ∈ N) < ε/4.
Consider some f ∈ A(T ) such that |f | 6 χ(G \ C) ∧ u. Then we have
sup (iµ|f | | µ ∈ N) 6 sup (iµχ(G \ C) | µ ∈ N) = sup (µ(G \ C) | µ ∈ N) < ε/4.
Hence, we get sup (iµf+ | µ ∈ N) < ε/4 and sup (iµ(−f−) | µ ∈ N) < ε/4.
Since ϕ is a cluster point, there is κ ∈ K such that iµκ ∈ G(ϕ, f+, ε/4). This
means |iµκf+ − ϕf+| < ε/4. Consequently, |ϕ+f | < ε/2. Similarly, |ϕ(−f−)| <
ε/2. As a result, we get |ϕf | = |ϕ(f+ + f−)| 6 |ϕf+| + | − ϕf−| < ε, i. e., ϕ is
locally tight. Then by Lemma 3 (3.6.1) ϕ is quite locally tight. Thus, we obtain
that ϕ is σ-exact.
Now, according to the Zakharov representation theorem [29, Th. 3 (3.6.3)],
there exists some measure µ0 ∈ RMb(T,G)+ such that ϕ = iµ0 . Check that µ0
is a cluster point for s.
Take some neighbourhoodH ≡ G(µ0, (fk ∈ A(T ) | k ∈ n) , ε) of µ0 and some
index κ ∈ K. Since ϕ is a cluster point for σ, for the neighbourhood G ≡
G(ϕ, (fk | k ∈ n) , ε/2) and for the index κ there is an index ρ ∈ K such that
ρ > κ and iµρ ∈ G, i. e., |iµρfk − ϕfk| < ε for every k ∈ n. Since ϕ = iµ0 , we
conclude that |iµρfk − iµ0fk| < ε for every k ∈ n. This means that µρ ∈ H .
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Hence, µ0 is a cluster point for s.
Since µ0 is a cluster point for s, for every H ≡ G(µ0, (fk ∈ A(T ) | k ∈ n) , ε)
there is κ ∈ K such that µκ ∈M ∩H 6= ∅. By Proposition 1.1.1 from [7] µ0 ∈
N . Finally, by the compactness criterion [7, Theorem 3.1.23] N is compact.
In the proved criterion the assertion on sufficiency for M ⊂ RMb(T,G)+
to be S(T,G)-weakly compact can be extended up to an arbitrary set M ⊂
RMb(T,G).
Lemma 10. Let (T,G) be a Hausdorff space and f ∈ S(T,G). Then the function
ϕf : RMb(T,G) → R such that ϕf (µ) ≡
∫
f dµ for every µ ∈ RMb(T,G) is
continuous on the topological space (RMb(T,G),Gw(RMb(T,G), S(T,G))).
Proof. Fix some µ ∈ RMb and x ≡ ϕf (µ) ∈ R. Take some open neighbourhood
U ≡]x− ε, x+ ε[ of x and consider the open neighbourhood V ≡ G(µ, f, ε) of µ.
If ν ∈ V , then the inequality |ϕf (ν) − ϕf (µ)| < ε means that ϕf (ν) ∈ U , i. e.,
ϕ[V ] ⊂ U .
Propositon 1. Let (T,G) be a Hausdorff space and g ∈ S(T,G)+. Then the
function ψg : RMb(T,G)→ R such that ψg(µ) =
∫
g d|µ| for every µ ∈ RMb is
lower semicontinuous on the topological space (RMb,Gw(RMb, S)).
Proof. Consider the mapping L : RMb → S(T,G)
△ such that L(µ)(f) ≡
∫
f dµ
for every µ ∈ RMb and f ∈ S(T,G). By virtue of Corollary 5 to Theorem 2
(3.6.4) from [29] L is an isomorphism of the given lattice-ordered linear spaces.
Therefore L(|µ|) = |L(µ)|. According to Corollary 1 to Proposition 2 (3.6.1)
from [29] |L(µ)|(g) = sup{L(µ)f | f ∈ S ∧ |f | 6 g}. This means that ψg =
sup{ϕf | f ∈ S ∧ |f | 6 g} in the lattice-ordered linear space F (RMb) of all
real-valued functions on the set RMb. By Lemma 10 the function ϕf is lower
semicontinuous. Consequently, by assertion 7 of Proposition 1 (2.3.8) ψg is lower
semicontinuous as well.
Corollary 1. Let (T,G) be a Hausdorff space, G ∈ G, C ∈ C, and C ⊂ G.
Then the function χ1 : RMb(T,G)→ R such that χ1(µ) = |µ|(G \ C) for every
µ ∈ RMb is lower semicontinuous on the topological space (RMb,Gw(RMb, S)).
Proof. Apply the Proposition to g ≡ χ(G \ C) ∈ S(T,G) and ψg ≡ χ1.
Corollary 2. Let (T,G) be a Hausdorff space. Then the function χ2 : RMb(T,G)→
R such that χ2(µ) = |µ|(T ) for every µ ∈ RMb(T,G) is lower semicontinuous
on the topological space (RMb(T,G),Gw(RMb(T,G), S(T,G))).
Proof. Apply the previous Corollary to G ≡ T and C ≡ ∅.
Theorem 3. Let (T,G) be a Hausdorff space,M be a subset of the set RMb(T,G),
and clM be the closure of M in the weak topology Gw(RMb, S). Then
(i) the following properties are equivalent:
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(αζvar) for any G ∈ G and any ε > 0 there is a compact set C ⊂ G such that
|µ|(G \ C) < ε for any µ ∈M ;
(α¯ζvar) for any G ∈ G and any ε > 0 there is a compact set C ⊂ G such that
|ν|(G \ C) < ε for any ν ∈ clM ;
(ii) the following properties are equivalent:
(βvar) sup (|µ|T | µ ∈M) ∈ R+;
(β¯var) sup (|ν|T | ν ∈ clM) ∈ R+.
Proof. (i) (αζvar) ⊢ (α¯
ζ
var). Let G ∈ G and ε > 0. By condition there is a
compact set C ⊂ G such that sup (χ1(µ) | µ ∈M) for the function χ1 from
Corollary 1 to Proposition 1. Consider the set N ≡ χ−11
[
]−∞, ε/2]
]
. It follows
from the last inequality that M ⊂ N . By the mentioned Corollary the set N is
closed. Therefore clM ⊂ N , i. e., |ν|(G \ C) < ε for every ν ∈ clM .
(α¯ζvar) ⊢ (α
ζ
var). This deduction is evident.
(ii) This equivalence is checked quite similarly to the equivalence (i) by means
of Corollary 2 to Proposition 1.
Theorem 4. Let (T,G) be a Hausdorff space,M be a subset of the set RMb(T,G),
and clM be the closure of M in the weak topology Gw(RMb, S). Suppose that M
has properties (αζvar) and (βvar). Then clM is compact in the induced weak
topology Gw(RMb, S)| clM .
Proof. By Theorem 3 The set N ≡ clM has properties (α¯ζvar) and (β¯var).
Consider the subsets L′ ≡ {ν+ ∈ RMb(T,G)+ | ν ∈ N} and L
′′ ≡ {−ν− ∈
RMb(T,G)+ | ν ∈ N} of positive bounded Radon measures, where ν
+ ≡ ν ∨
0, ν− ≡ ν ∧ 0. Since ν+ 6 |ν|, properties (α¯ζvar) and (β¯var) for N imply
properties (αζ) and (β) for L′. By Theorem 2 N ′ ≡ clL′ is compact in the
induced weak topology Gw(RMb, S)|N
′. The same is valid for N ′′ ≡ clL′′.
Consider some net s ≡ (νκ ∈ N | κ ∈ K). Owing to the compactness of N
′
Theorem 2 from [13, ch. 5] guarantees that for the net s′ ≡ (ν+
κ
∈ L′ | κ ∈ K)
there are an upward directed collection (κi ∈ K | i ∈ I) and a measure ν
′ ∈ N ′
such that the net t ≡
(
ν+
κi
∈ L′ | i ∈ I
)
is a subnet of s′ (see 1.1.15 in [27])
and ν′ = lim t. Similarly, owing to the compactness of N ′′ for the net t′′ ≡(
−ν−
κi
∈ L′′ | i ∈ I
)
there are an upward directed collection (ij ∈ I | j ∈ J) and
a measure ν′′ ∈ N ′′ such that the net u ≡
(
−ν−
κij
∈ L′′ | j ∈ J
)
is a subnet of t′′
and ν′′ = limu. Consider the measure ν ≡ ν′ − ν′′.
Check that ν′ = lim
(
ν+
κij
| j ∈ J
)
. Take any neighbourhood U of ν′. Since
ν′ = lim t, there is i0 ∈ I such that i > i0 implies ν
+
κi
∈ U . Since u is a subnet
of t′′, for i0 there is j0 ∈ J such that j > j0 implies ij > i0. Therefore j > j0
implies ν+
κij
∈ U . This means the necessary equality for ν′.
Now we get ν = ν′ + (−ν′′) = lim
(
ν+
κij
+ ν−
κij
| j ∈ J
)
= lim
(
νκij | j ∈ J
)
.
Since νκij ∈ N and N is closed, we conclude that ν ∈ N . It is easily seen that
v ≡
(
νκij | j ∈ J
)
is a subnet of s. Thus, the net s has the subnet v converging
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to ν ∈ N . Hence, by the mentioned compactness criterion from [13] N is weakly
compact.
7 The Cb(T,G)-weak compactness of sets of bounded
Radon measures on a Tychonoff space
In conclusion, using the means elaborated above, we consider the Cb(T,G)-weak
compactness for a Tychonoff space.
In the paper [15] Yu.V. Prokhorov proved (1956) the remarkable theorem
giving some simple criterion for the weak compactness of a closed subset M of
the set RMb(T,G) on a complete separable metric space (T,G) with respect to
the weak topology induced on RMb(T,G) by the family Cb(T,G) (see, e. g., [3,
Theorems 5.1 and 5.2] and [8, 437O-437V]). This criterion used the Prokhorov
uniform (or total) tightness property (αpi) from section 5.
Note that much earlier (in 1943) A.D. Alexandroff in fundamental paper [2]
proved some criterion for the weak compactness of a closed subset M of the
set of all bounded regular measures on a locally compact metric space with a
countable base [2, § 20, Th. 4]. This criterion used the Alexandroff eluding load
property of M .
Soon after [15] it was noticed that Prokhorov’s conditions are sufficient for
the Cb(T,G)-weak compactness of a closed set M on a Tychonoff topological
space (T,G) (see [14], [21], and [6, IX.5.5]). According to [21] they are not
necessary even for M ⊂ RMb(T,G)+.
An original criterion for the weak compactness of a closed subset M of the
set RMb(T,G)+ on a Tychonoff space using neither any modification of the
Prokhorov property nor any modification of the Alexandroff property is proved
in [19, 20]. Some integral terms criterion for a Tychonoff space is presented
in [11, XI.1.8].
Below we present some criterion for the Cb(T,G)-weak compactness of a
set M ⊂ RMb(T,G)+ on a Tychonoff topological space using some weaker
modification of the Prokhorov uniform tightness condition and formulated in
primary set-topology-measure terms only (i. e., without any secondary terms
such as functions, integrals, and so on).
This modification is the following:
(αz) (the tail tightness property) for any net (µj ∈M | j ∈ J) there exists a
subnet (µji | i ∈ I) such that for any ε > 0 there is a compact set C and
an index i0 ∈ I such that µji(T \ C) < ε for any i > i0.
As the S(T,G)-weak topology is Hausdorff (see section 3) the Cb(T,G)-weak
topology for a Tychonoff space (T,G) is also Hausdorff. The proof of this fact
is much more delicate than the proof of Lemma 1 from section 3. Since we
could not find this proof in sources available for us, we are forced to present
it here. Note that the proof of this property presented in [6, IX.5.3] deals not
with Radon measures µ : B → R as set functions but with “measures” in the
Bourbaki sense.
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Lemma 11. Let (T,G) be a Tychonoff space, µ be a bounded positive Radon
measure, and C be a compact set. Then
(i) there is some net u ≡ (fk ∈ Cb(T,G)+ | k ∈ K) ↓ such that χ(C) 6 fk and
χ(C) = p-limu in F (T );
(ii)
(∫
fk dµ | k ∈ K
)
↓ µC.
Proof. By assertion 2 of Proposition 2 (3.6.2) from [29] the family Cb(T,G)
envelopes from above the function h ≡ χ(C), i. e., there is a decreasing net
u ≡ (fk ∈ Cb | k ∈ K) with some upward directed set K such that h 6 fk and
h = p-limu in F (T ). Hence, h ∈ Iτ (T,Cb(T,G)). Check that (iµfk | k ∈ K) ↓
µC.
By Proposition 5 (3.6.1) from [29] the integral functional Λ(µ) is σ-exact on
the lattice-ordered linear space S(T,G). Hence, the induced integral functional
ϕ ≡ iµ = Λ(µ)|Cb(T,G) is σ-exact and, in particular, quite locally tight. By
Corollary 1 to Theorem 5 (3.6.2) from [29] ϕ is exact and, in particular, pointwise
continuous.
Consider the Young –Daniell extension ψ ≡ ϕˇS of the functional ϕ on the
family Sm(T,G, Cb(T,G)) = S(T,G) constructed in [29, 3.6.2] (see also sec-
tions 7 and 8 in [25]). By Proposition 5 (3.6.2) from this book ψ is pointwise
σ-continuous and by Theorem 2 (3.6.2) ψ is quite locally tight. So ψ is σ-
exact. But the functional Λ(µ) is also the σ-exact extension of ϕ. Since by
Proposition 6 (3.6.2) from [29] the σ-exact extension is unique, we conclude
that Λ(µ) = ψ.
According to [29, 3.6.2] ψ is an extension of the first-step Young –Daniell
extension ϕ : Iτ (T,Cb(T,G)) → R. Since h ∈ I
τ , we have ψh = ϕh. Besides,
Cb ⊂ I
τ and u ↓ h in F (T ). Therefore by Lemma 5 (3.6.2)
(
ϕfk | k ∈ K
)
↓ ϕh.
Hence, ϕfk = ϕfk = iµfk and ϕh = ψh = Λ(µ)h = µC implies (iµfk | k ∈ K) ↓
µC.
Corollary 3. Let (T,G) be a Tychonoff space, µ be a bounded positive Radon
measure, and C be a compact set. Then
(iii) there is some net v ≡ (gk ∈ Cb(T,G)+ | k ∈ K) ↑ such that gk 6 χ(T \C)
and χ(T \ C) = p-lim v in F (T );
(iv)
(∫
gk dµ | k ∈ K
)
↑ µ(T \ C).
Proof. Take the net u from Lemma 11 and consider the functions f ′k ≡ fk ∧1 ∈
Cb(T,G)+ and the net u
′ ≡ (f ′k | k ∈ K) ↓. Then χ(C) = p-limu
′ in F (T ) and(∫
f ′k dµ | k ∈ K
)
↓ µC.
Take now the functions gk ≡ 1− f
′
k ∈ Cb(T,G)+ and the net (gk | k ∈ K) ↑.
The assertions (iii) and (iv) hold for them.
Corollary 4. Let (T,G) be a Tychonoff space, µ be a bounded positive Radon
measure, and C be a compact set. Then µ(T \C) = sup{
∫
g dµ | g ∈ Cb(T,G)+∧
g 6 χ(T \ C)}.
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Corollary 5. Let (T,G) be a Tychonoff space, θ be a bounded Radon measure,
and C be a compact set. Then θ(C) = lim
(∫
fk dθ | k ∈ K
)
for any net from
assertion (i) of Lemma 11.
Proof. Consider the positive Radon measures µ ≡ θ+ and ν ≡ −θ−. Then
θ = µ − ν. Take some net u from assertion (i) of Lemma 11. By its asser-
tion (ii) µC = lim
(∫
fk dµ | k ∈ K
)
and νC = lim
(∫
fk dν | k ∈ K
)
. Sum-
ming these equalities and using the definition of the Lebesgue integral from sec-
tion 2 we get θC = µC − νC = lim
(∫
fk dµ | k ∈ K
)
− lim
(∫
fk dν | k ∈ K
)
=
lim
(∫
fk dθ | k ∈ K
)
.
Propositon 2 (the separation property of ΨA for A(T ) ≡ Cb(T,G)). Let (T,G)
be a Tychonoff space. Then for every θ ∈ RMb(T,G)\{0} there is f ∈ Cb(T,G)\
{0} such that Ψ(θ, f) 6= 0.
Proof. Take µ, ν, B, ε, C1, C2, and C from the proof of Lemma 1. Assume that
Ψ(θ, f) = 0 for every f ∈ Cb(T,G). Since θ = µ− ν, we infer by assertion 2 of
Theorem 1 that Ψ(µ, f) = Ψ(ν, f), i. e., iµf = iνf for every f ∈ Cb(T,G).
According to Lemma 11, there exists some net u ≡ (fk ∈ Cb(T,G)+ | k ∈ K) ↓
such that χ(C) 6 fk, χ(C) = p-limu, and (iµfk | k ∈ K) ↓ µC.
Consequently, there is k such that 0 6 iµfk − µC < ε/4. Denote fk simply
by f ′. Similarly there is f ′′ ∈ Cb such that 0 6 iνf
′′ − νC < ε/4. Consider
f ≡ f ′ ∧ f ′′. Since µ and ν are positive, we infer that 0 6 iµf − µC < ε/4. and
0 6 iνf − νC < ε/4. Then |νB − µB| 6 |νB − νC|+ |νC − µC|+ |µC − µB| <
ε/2 + |νC − iνf |+ |iνf − iµf |+ |iµf − µC| < ε, because iνf = iµf . Since ε is
arbitrary, we conclude that νB = µB.
Thus, −θ− ≡ ν = µ ≡ θ+, whence 0 6= θ = θ+ + θ− = 0. It follows from
this contradiction that our assumption is not true, i. e., Ψ(θ, f) 6= 0 for some
f 6= 0.
Corollary. The weak topology Gw(RMb, Cb(T,G)) on RMb(T,G) is Hausdorff
for any Tychonoff space (T,G).
The proof is completely the same as the proof of Corollary to Lemma 1.
Theorem 5. Let (T,G) be a Tychonoff space andM be a subset of RMb(T,G)+.
Then the following conclusions are equivalent:
1. M is compact in the induced weak topology Gw(RMb(T,G), Cb(T,G))|M ;
2. M is closed and has properties (αz) and (β).
Proof. (1) ⊢ (2). Property (β) is deduced with A(T ) ≡ Cb(T,G) completely in
the same way as it is deduced with A(T ) ≡ S(T,G) in the proof of Theorem 2.
Deduce now property (αz). Consider some net s ≡ (µj | j ∈ J). By virtue
of Theorem 2 from [13, ch. 5] there are some subnet r ≡ (µji | i ∈ I) of the net s
and a measure µ0 ∈M such that µ0 = lim r.
Take some ε > 0. Since µ0 is a Radon measure, there is a compact set C
such that µ(T \ C) < ε/3. Take some f ∈ A(T )+ such that f 6 χ(T \ C) ≡
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g and consider the neighbourhood G ≡ G(µ0, f, ε/3) of µ0. It follows from
µ0 = lim r that there is i0 ∈ I such that µji ∈ G for every i > i0. Therefore
|
∫
f dµji −
∫
f dµ0| < ε/3 implies
∫
f dµji 6 |
∫
f dµji −
∫
f dµ0| +
∫
f dµ0 <
ε/3 +
∫
g dµ0 = ε/3 + µ0(T \ C) < 2ε/3.
Consider the set F ≡ {f ∈ A(T )+ | f 6 g}. By Corollary 3 to Lemma 11
there exists some net u ≡ (fk ∈ F | k ∈ K) ↑ such that g = p-limu and(∫
fk dµji | k ∈ K
)
↑ µji(T \ C).
As a result we get the inequality µji(T \C) < ε for every i > i0. This proves
property (αz).
(2) ⊢ (1). Let IM ≡ Λ[M ]. Consider some net s ≡ (µκ ∈M | κ ∈ K) and
the corresponding net τ ≡ (iµκ ∈ IM | κ ∈ K). Completely in the same way as
in the proof of Theorem 2 it is checked that cl IM is compact in Y ≡ |X
′,Gw′ |
for X ≡ |Cb(T,G), ‖ · ‖u|.
By the Theorem 2 from [13, ch. 5] there are some subnet σ ≡
(
iκj | j ∈ J
)
of the net τ and a functional ϕ ∈ X ′ such that ϕ = limσ. By property (αz)
for the net r ≡
(
µκj | j ∈ J
)
there is a subnet
(
µκji | i ∈ I
)
such that for every
ε > 0 there are C ∈ C and i0 ∈ I such that µκji (T \ C) < ε/2 for every i > i0.
Denote µκji by νi. Since ϕ = limσ and ρ ≡ (iνi | i ∈ I) is a subnet of the
net σ, we infer that ϕ = lim ρ.
Check that ϕ is tight. Take ε > 0. By the above, there are C and i0 such
that νi(T \ C) < ε/2 for every i > i0. Take some f ∈ A(T ) such that |f | 6
χ(T \C) ≡ g and consider the neighbourhood G ≡ G(ϕ, f, ε/2) of ϕ. It follows
from ϕ = lim ρ that there is i1 ∈ I such that iνi ∈ G for every i > i1. Since I is
upward directed, there is i2 ∈ I such that i2 > i0 and i2 > i1. Let i > i2. Then
|ϕf | 6 |ϕf − iνif | + |iνif | < ε/2 + iνi |f | 6 ε/2 + iνig = ε/2 + νi(T \ C) < ε.
Thus, ϕ is tight.
Now, according to the Bourbaki representation theorem [29, Corollary 2 to
Theorem 4 (3.6.3)], there is some measure µ0 ∈ RMb(T,G)+ such that ϕ = iµ0 .
Check that µ0 = lim τ .
Take some neighbourhood H ≡ G(µ0, (fk ∈ A(T ) | k ∈ n) , ε) of µ0 and con-
sider the corresponding neighbourhood G ≡ G(iµ0 , (fk | k ∈ n) , ε) of iµ0 . Since
iµ0 = limσ there is j0 ∈ J such that iµκj ∈ G, i. e., |iµκj fk − iµ0fk| < ε for
every k ∈ n and every j > j0. This means that µκj ∈ M ∩ H for j > j0. By
Proposition 1.1.1 from [7] µ0 ∈ clM . Since M is closed, this implies µ0 = lim r
and µ0 ∈M .
Thus, the net s has the subnet r converging to µ0 ∈M . Hence, by Theorem 2
from [13, ch. 5] M is weakly compact.
Now we prove that the well known sufficiency theorems for a Tychonoff space
(see [6, Theorem 1 (IX.5.5)] and [4, 8.6.7]) directly follow from Theorem 5. This
show the naturalness of this criterion.
Lemma 12. Let (T,G) be a Tychonoff space and f ∈ Cb(T,G). Then the func-
tion ϕf : RMb(T,G) → R such that ϕf (µ) ≡
∫
f dµ for every µ ∈ RMb(T,G)
is continuous on the topological space (RMb,Gw(RMb, Cb)).
The proof is completely similar to the proof of Lemma 10 from section 6.
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Propositon 3. Let (T,G) be a Tychonoff space and g ∈ Cb(T,G)+. Then the
function ψg : RMb(T,G)→ R such that ψg(µ) =
∫
g d|µ| for every µ ∈ RMb is
lower semicontinuous on the topological space (RMb,Gw(RMb, Cb)).
Proof. Consider the mapping L : RMb → Cb(T,G)
pi such that L(µ)(f) ≡
∫
f dµ
for every µ ∈ RMb and f ∈ Cb. By virtue of Corollary 1 to Theorem 2
(3.6.4) from [29] L is an isomorphism of the given lattice-ordered linear spaces.
Therefore L(|µ|) = |L(µ)|. By virtue of Corollary 1 to Theorem 5 (3.6.2)
from [29] Cpib = C
△
b . According to Corollary 1 to Proposition 2 (3.6.1) from [29]
|L(µ)|(g) = sup{L(µ)f | f ∈ Cb ∧ |f | 6 g}. This means that ψg = sup{ϕf |
f ∈ Cb ∧ |f | 6 g} in the lattice-ordered linear space F (RMb). By Lemma 12
the function ϕf is lower semicontinuous. Consequently, ψg as the pointwise
supremum of ϕf is lower semicontinuous as well.
Corollary 6. Let (T,G) be a Tychonoff space, and C be a compact set. Then the
function χ1 : RMb(T,G)→ R such that χ1(µ) = |µ|(T \ C) for every µ ∈ RMb
is lower semicontinuous on the topological space (RMb,Gw(RMb, Cb)).
Proof. By Corollary 4 |µ|(T \C) = sup{
∫
g dµ | g ∈ Cb(T,G)+∧g 6 χ(T \C)}. In
notations from the Proposition we have χ1(µ) = sup{ψg(µ) | g ∈ Cb(T,G)+∧g 6
χ(T \ C)} for every µ ∈ RMb. This pointwise supremum means that χ1 =
sup{ψg | g ∈ Cb∧g 6 χ(T \C)} in the lattice-ordered linear space F (RMb). By
the Proposition the function χ1 is lower semicontinuous. Consequently, χ1 as the
pointwise supremum of lower semicontinuous functions is lower semicontinuous
as well.
Corollary 7. Let (T,G) be a Tychonoff space. Then the function χ2 : RMb →
R such that χ2(µ) = |µ|(T ) for every µ ∈ RMb(T,G) is lower semicontinuous
on the topological space (RMb(T,G),Gw(RMb(T,G), Cb(T,G))).
Proof. Apply the previous Corollary to C ≡ ∅.
Theorem 6. Let (T,G) be a Tychonoff space,M be a subset of the set RMb(T,G),
and clM be the closure of M in the weak topology Gw(RMb(T,G), Cb(T,G)).
Then
1. the following properties are equivalent:
(αpivar) for any ε > 0 there is a compact set C such that |µ|(T \ C) < ε for
any µ ∈M ;
(α¯pivar) for any ε > 0 there is a compact set C such that |ν|(T \ C) < ε for
any ν ∈ clM ;
2. the following properties are equivalent:
(βvar) sup (|µ|T | µ ∈M) ∈ R+;
(β¯var) sup (|ν|T | ν ∈ clM) ∈ R+.
The proof is quite similar to the proof of Theorem 3 from section 6. See also
Proposition 11 (IX.5.5) in [6].
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Theorem 7 (the sufficiency theorem for positive measures). Let (T,G) be a
Tychonoff space, M ⊂ RMb(T,G)+ have properties (α
pi) and (β), and clM be
the closure of M in the weak topology Gw(RMb, Cb). Then clM is compact in
the induced weak topology Gw(RMb, Cb)| clM .
Proof. First, note that by Lemma 6 ν > 0 for every ν ∈ N ≡ clM and prove
that N also possesses property (αpi).
Let ε > 0. By condition there is C ∈ C such that sup (µ(T \ C) | µ ∈M) 6
ε/2. Take ν ∈ N and δ > 0. Consider the function h ≡ χ(T \C). By Corollary 3
to Lemma 11 there exists some net u ≡ (hk | k ∈ K) ↑ such that h = p-limu and
(iνhk | k ∈ K) ↑ ν(T \ C) = iνh. Take k ∈ K such that 0 6 iνh − iνhl < δ for
every l > k and consider the neighbourhood G ≡ G(ν, hk, δ). SinceM ∩G 6= ∅,
there exists some µ ∈M ∩G. Therefore we get ν(T \ C) = iνh = iνh− iνhk +
iνhk < δ+iµhk+iνhk−iµhk 6 δ+iµh+|iνhk−iµhk| < δ+µ(T \C)+δ 6 ε/2+2δ.
Since δ is arbitrary, this implies ν(T \ C) 6 ε/2 < ε.
According to Lemma 8, N possesses also property (β). Now the assertion
follows immediately from Theorem 5 because property (αpi) is stronger than
property (αz).
Theorem 8 (the sufficiency theorem). Let (T,G) be a Tychonoff space, clM be
the closure of M ⊂ RMb(T,G) in the weak topology Gw(RMb(T,G), Cb(T,G)).
Suppose that M has properties (αpivar) and (βvar). Then clM is compact in the
induced weak topology Gw(RMb(T,G), Cb(T,G))| clM .
Proof. By Theorem 6 the set N ≡ clM has properties (α¯pivar) and (β¯var).
Consider the subsets L′ ≡ {ν+ ∈ RMb(T,G)+ | ν ∈ N} and L
′′ ≡ {−ν− ∈
RMb(T,G)+ | ν ∈ N} of positive bounded Radon measures, where ν
+ ≡ ν ∨ 0,
ν− ≡ ν ∧ 0. Since ν+ 6 |ν|, properties (α¯pivar) and (β¯var) for N imply proper-
ties (αpi) and (β) for L′. By Theorem 7 N ′ ≡ clL′ is compact in the induced
weak topology Gw(RMb, Cb)|N
′. The same is valid for N ′′ ≡ clL′′.
The remainder of the proof is quite similar to the proof of Theorem 4.
The sufficiency theorem was firstly published in [6, Theorem 1 (IX.5.5)].
Neither paper [14] nor paper [21] contains this result. Therefore it can be right-
fully called the Bourbaki sufficiency theorem. According to [19] this theorem
traces to A. Meyer and L. Schwartz (private communications).
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